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§0. Introduction. 

0.1. The remarkable link between the soliton theory and the group GLoo was discovered 
in the early 1980s by Sato [S] and developed, making use of the spinor formalism, by Date, 
Jimbo, Kashiwara and Miwa [DJKM1,2,3], [JM]. The basic object that they considered is 
the KP hierarchy of partial differential equations, which they study through a sequence 
of equivalent formulations that we describe below. The first formulation is a deformation 
(or Lax) equation of a formal pseudo-differential operator L = d + uid~^ + U2d~'^ + . . . , 
introduced in [S] and [Wl]: 

dL 

(0.1.1) ^ = [S^,L], n = l,2,.... 

Here Ui are unknown functions in the indeterminates xi, X2, . . . , and = {L'^)+ stands 
for the differential part of L^. The second formulation is given by the following zero 
curvature (or Zakharov-Shabat) equations: 

(0.1.2) ^ - = [^-' B^], m,n = 1,2,... . 

These equations are compatibility conditions for the following linear system 

d 

(0.1.3) Lwix, Z) = Zwix, z), — wix, z) = BnWix, z), 71=1,2,... 

OXn 

on the wave function 



(0.1.4) w{x, z) = {l + wi{x)z-^ + W2{x)z-'^ + . . . )e^i^+^222+..._ 
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Provided that (0.1.2) holds, the system (0.1.3) has a unique solution of the form (0.1.4) 
up to multiplication by an element from 1 + z^^Cffz"-*^]]. Introduce the wave operator 

(0.1.5) P = 1 + wi{x)d-^ + W2{x)d-^ + . . . , 

so that w{x^z) = Pq^i^+^2z +... Then the existence of a solution of (0.1.3) is equivalent 
to the existence of a solution of the form (0.1.5) of the following Sato equation, which is 
the third formulation of the KP hierarchy [S] , [Wl] : 

dP 

(0.1.6) ^ = -(P odo P-1)_ oP, A; = 1, 2, ... , 

dxk 

where the formal pseudo-differential operators P and L are related by 
(0.1.7) L = Podo P-^. 

Let P* = 1 + {—d)~^ owi + (—9)"^ OW2 + ... be the formal adjoint of P and let 

w*{x,z) = (p*)-ie-"i^-"2^'-- 

be the adjoint wave function. Then the fourth formulation of the KP hierarchy is the 
following bilinear identity 

(0.1.8) T(jeSz=ow{x, z)w*{x' , z)dz = for any x and x'. 

Next, this bilinear identity can be rewritten in terms of Hirota bilinear operators defined 
for an arbitary polynomial Q as follows: 

(0.1.9) Q{D)f{x) ■ g{x) Q{§y){fix + y)g{x - y))|,=o. 

Towards this end, introduce the famous r-function t{x) by the formulas: 

(0.1.10) w{x, z) = r+{z)T/T, w*{x, z) = V-{z)t/t. 

Here T^{z) are the vertex operators defined by 

where -r$— stands for ^jf-. The r-function exists and is uniquely determined by the 
wave function up to a constant factor. Substituting the r-function in the bilinear identity 
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(0.1.8) we obtain the fifth formulation of the KP hierarchy as the foUowing system of Hirota 
bihnear equations: 

oo 

(0.1.12) J2 Sj{-'2y)Sj+i{D)e^^=^ ^^^-r • r = 0. 

3=0 

Here y — (yi, j/2, • • •) are arbitrary parameters and the elementary Schur polynomials Sj 
are defined by the generating series 



(0.1.13) J] 5, {x)z^ = expy^xfcz^. 

jez fe=i 

The T-function formulation of the KP hierarchy allows one to construct easily its N- 
soliton solutions. For that introduce the vertex operator [DJKM2,3]: 

(0.1.14) T(zi,Z2)=:T+(zi)T-iz2): 

(where the sign of normal ordering : : means that partial derivatives are always moved to 
the right), and show using the bilinear identity (0.1.8) that if r is a solution of (0.1.12), 
then (1 + aT{zi, Z2))t, where a, 2:1, 2:2 G , is a solution as well. Since r = 1 is a solution, 
the function 



(0.1.15) /at = (1 + a,T{z['\zi'^)) . . . (1 + aMT{z[''\ zi""^)) ■ 1 

is a solution of (0.1.12) too. This is the T-function of the A'^-soliton solution. 

The first application of the KP hierarchy, as well as its name, comes from the fact that 
the simplest non-trivial Zakharov-Shabat equation, namely (0.1.2) with m — 2 and n = 3, 
is equivalent to the Kadomtsev-Petviashvili equation if we let xi = x, X2 = y, x^ = t, u = 
2ui: 

Sd^u _ d fdu 3 du ld^u\ 

Recall also that the celebrated KdV and Boussinesq equations are simple reductions of 
(0.1.16). Since the functions u and r are related by 

(0.1.17) « = 2^1ogr, 

the functions log /jv are solutions of (0.1.16), called the A^'-soliton solutions. 
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0.2. The connection of the KP hierarchy to the representation theory of the group GL^o 
is achieved via the spinor formahsm. Consider the Chfford algebra C£ on generators ij)'^ 
and '4>J {j e ^ + Z) and the following defining relations (i.e. ipf" are free charged fermions): 

(0.2.1) ipUi + ^7^t = k-j^ ^f^t + ^t^t = 0- 

The algebra C£ has a unique irreducible representation in a vector space F (resp. F*) 
which is a left (resp. right) module admitting a non-zero vector |0) (resp. (0|) satisfying 

(0.2.2) Vj^|0) = (resp. {0\ij% = 0) for j > 0. 

These representations are dual to each other with respect to the pairing 

|a, 6|0)) = (0|a6|0) 



normalized by the condition (0|1|0) = 1. 

The Lie algebra g£oo embeds in C£ by letting 

(0.2.3) r{E,,) ^ ^p+^^p- . 

Exponentiating gives a representation R of the group GL^o on F and F*. Let for n e Z: 
(0.2.4) «n = 5^ "P-j^I+n for n^O, ao = J2 " Yl 

and consider the following operator on F: 



(0.2.5) H{x) ^J^^nC^ri- 

n=l 

For a positive integer m let 

(±m| = {0\iPf . . . e F* and |m) = V^^^i • • •V'^i |0) e F 



Then the Fock space is realized on the vector space of polynomials B = C[a;i, a;2, • • • \ QiQ 
via the isomorphism a : F — > B defined by 

(0.2.6) (7(a|0)) = (m|e-^(^)a|0)Q^. 



-n 
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This remarkable isomorphism is called the boson-fermion correspondence and goes back to 
the work of Skyrme [Sk] and many other physicists; this beautiful form of it is an important 
part of the work of Date, Jimbo, Kashiwara and Miwa [DJKM2,3], [JM]. 
Using that 

(0.2.7) [a^, a„] = m5m,-n, 

(i.e that the an are free bosons), it is not difficult to show that the isomorphism a is 
characterized by the following two properties [KP2]: 

d 

(0.2.8) a{\m)) = Q™, crancr~^ = — — and crQ!_„(T~^ = nXn if n > 0. 

Using (0.2.8), it is easy to recover the following well-known properties of the boson-fermion 
correspondence [DJKM2,3], [KP2]. Introduce the fermionic fields 



Then one has: 

(0.2.9) a^P^{z)a-^ = Q±^^±"°r±(^), 



(0.2.10) a{ V r{E,,)zl z^' ^)a-i = r{zi,Z2). 

Hence T{zi, Z2) lies in a "completion" of the Lie algebra gloo acting on B via the boson- 
fermion correspondence. Therefore, the group GLq^ and its "completion" act on B and 
Date, Jimbo, Kashiwara and Miwa show that all elements of the orbit O = GLoo ■ 1 and 
its completions satisfy the bilinear identity (0.1.8). Since r{zi,Z2)'^ = and r{zi,Z2) lies 
in a completion of g£oo, we see that expar(^i, Z2) — 1 + ar{zi, Z2) leaves a completion of 
the orbit O invariant, which explains why (0.1.15) are solutions of the KP hierarchy. 

Since the orbit GLoojO) (which is the image of O in the fermionic picture) can be natu- 
rally identified with the cone over a Grassmannian, we arrive at the remarkable discovery 
of Sato that solutions of the KP hierarchy are parameterized by an infinite-dimensional 
Grassmannian [S]. 

0.3. It was subsequently pointed out in [KP2] and [KR] that the bilinear equation 
(0.1.8) (in the bosonic picture) corresponds to the following remarkably simple equation 
on the T-f unction in the fermionic picture: 



(0.3.1) 



J2 ^^T®V-feT = 0. 
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This is the fermionic formulation of the KP hierarchy. Since (0.3.1) is equivalent to 
(0.3.2) Res^=oip+ {z)t O iP~{z)t = 0, 

it is clear from (0.1.10 and 11) that equations (0.1.8) and (0.3.2) are equivalent. Since r = 
|0) obviously satisfies (0.3.1) and R® R{GLoo) commutes with the operator ijj^ ®i^Zk: 
we see why any element of R(GLqq)\Q) satisfies (0.3.1). Thus, the most natural approach 
to the KP hierarchy is to start with the fermonic formulation (0.3.1), go over to the bilinear 
identity (0.1.8) and then to all other formulations (see [KP2], [KR], [K]). This approach 
was generalized in [KW]. 

0.4. Our basic idea is to start once again with the fermonic formulation of KP, but 
then use the n-component boson-fermion correspondence, also considered by Date, Jimbo, 
Kashiwara and Miwa [DJKM1,2], [JM]. This leads to a bilinear equation on a matrix 
wave function, which in turn leads to a deformation equation for a matrix formal pseudo- 
differential operator, to matrix Sato equations and to matrix Zakharov-Shabat type equa- 
tions. 

The corresponding linear problem has been already formulated in Sato's paper [S] and 

Date, Jimbo, Kashiwara and Miwa [DJKMl] have written the corresponding bilinear equa- 
tion for the wave function, but the connection between these formulations remained some- 
what obscure. 

It is the aim of the present paper to give all formulations of the n-component KP 
hierarchy and clarify connections between them. The generalization to the n-component 
KP is important because it contains many of the most popular systems of soliton equations, 
like the Davey-Stewartson system (for n = 2), the 2-dimensional Toda lattice (for n = 2), 
the n-wave system (for n > 3). It also allows us to construct natural generalizations of the 
Davey-Stewartson and Toda lattice systems. Of course, the inclusion of all these systems 
in the n-component KP hierarchy allows us to construct their solutions by making use of 
vertex operators. 

Hirota's direct method [H] requires some guesswork to introduce a new function (the 
r-function) for which the equations in question take a bilinear form. The inclusion of the 
equations in the n-component KP hierarchy provides a systematic way of construction of 
the T-functions, the corresponding bilinear equations and a large family of their solutions. 

The difficulty of the r-function approach lies in the fact that the hierarchy contains too 
many Hirota bilinear equations. To deal with this difficulty we introduce the notion of an 
energy of a Hirota bilinear equation. We observe that the most interesting equations are 
those of lowest energy. For example, in the n = 1 case the lowest energy (= 4) non-trivial 
equation is the classical KP equation in the Hirota bilinear form, in the n = 2 case the 
lowest energy (= 2) equations form the 2-dimensional Toda chain and the energy 2 and 3 
equations form the Davey-Stewartson system in the bilinear form, and in the n > 3 case 
the lowest energy (= 2) bilinear equations form the n-wave system in the bilinear form. 

There is a new phenomenon in the n-component case, which does not occur in the 1- 
component case: the r-function and the wave function is a collection of functions {tq,} 
and {VFa} parameterized by the elements of the root lattice M of type A^-i- The set 
supp T — {a E M\Ta 7^ 0} is called the support of the r-function r. We show that supp r 
is a convex polyhedron whose edges are parallel to roots; in particular, supp r is connected, 
which allows us to relate the behaviour of the n-component KP hierarchy at different points 
of the lattice M. It is interesting to note that the "matching conditions" which relate the 
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functions Wq, and WjS, a,/3 e M, involve elements from the subgroup of translations of 
the Weyl group [K, Chapter 6] of the loop group GL{C[z, z~'^]) and are intimately related 
to the Bruhat decomposition of this loop group (see [PK]). We are planning to study this 
in a future publication. 

The behaviour of solutions obtained via vertex operators in the n-component case is 
much more complicated than for the ordinary KP hiearchy. In particular, they are not 
necessarily multisoliton solutions (i.e. a collection of waves that preserve their form af- 
ter interaction). For that reason we call them the multisolitary solutions. Some of the 
multisolitary solutions turn out to be the so called dromion solutions, that have become 
very popular recently [BLMP], [FS], [HH], [HMM]. This solutions decay exponentially in 
all directions (and they are not soliton solutions; in particular, they exist only for n > 1). 
It is a very interesting problem for which values of parameters the multisolitary solutions 
are soliton or dromion solutions. 

Note also that the Krichever method for construction of the quasiperiodic solutions of 
the KP hierarchy as developed in [SW] and [Sh] applies to the n-component KP. 

As shown in [S], [DJKM2], the m-th reduction of the KP hiearchy, i.e. the requirement 
that L"^ is a differential operator, leads to the classical formulation of the celebrated KdV 
hierarchy for m = 2, Boussinesq for m = 3 and all the Gelfand-Dickey hierarchies for 
m > 3. The totality of r-functions for the m-th reduced KP hierarchy turns out to be the 
orbit of the vacuum under the loop group of SLm- 

We define in a similar way the m-th reduction of the n-component KP and show that 
the totality of r-functions is the orbit of the vacuum vector under the loop group of SLmn- 
Even the case m = 1 turns out to be extremely interesting (it is trivial if n = 1), as it 
gives the 1 + 1 n-wave system for n > 3 and the decoupled non-linear Schrodinger (or 
AKNS) system for n = 2. We note that the 1-reduced n-component KP, which we call the 
n-componcnt NLS hierarchy, admits a natural generalization to the case of an arbitrary 
simple Lie group G (the n-component NLS corresponding to GLn)- These hierarchies 
which might be called the GNLS hierarchies, contain the systems studied by many authors 
[Di], [Wl and 2], [KW],. .. . 

0.5. The paper is set out as follows. In §1 we explain the construction of the semi-infinite 
wedge representation F of the group GLoo and write down the equation of the GLoo-orbit 
O of the vacuum |0) (Proposition 1.3). This equation is called the KP hierarchy in the 
fermionic picture. As usual, the Pliicker map makes O a -bundle over an infinite- 
dimensional Grassmannian. We describe the "support" of r e C (Proposition 1.4). 

In §2 we introduce the n-component bosonisation and write down the fermionic fields 
in terms of bosonic ones via vertex operators (Theorem 2.1). This allows us to transport 
the KP hierarchy from the fermionic picture to the bosonic one (2.3.3) and write down the 
n-component KP hierarchy as a system of Hirota bilinear equations (2.3.7). We describe 
the support of a r-function in the bosonic picture (Proposition 2.4). At the end of the 
section we list all Hirota bilinear equations of lowest energy (2.4.3-9). 

We start §3 with an exposition of the theory of matrix formal pseudo-differential oper- 
ators, and prove the crucial Lemma 3.2. This allows us to reformulate the n-component 
KP hierarchy (2.3.3) in terms of formal pseudo- differential operators (see (3.3.4 and 12)). 
Using the crucial lemma we show that the bilinear equation (2.3.3) is equivalent to the 
Sato equation (3.4.2) and matching conditions (3.3.16) on the wave operators P^{a). We 
show that Sato equation is the compatibility condition of Sato's linear problem (3.5.5) on 
the wave function (Proposition 3.5), and that compatibility of Sato equation implies the 
equivalent Lax and Zakharov-Shabat equations (Lemma 3.6). We prove that compatibil- 
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ity conditions completely determine the wave operators P'^{a) once one of them is given 
(Proposition 3.3). At the end of the section we write down explicitly the first Sato and 
Lax equations and relations between them. 

In §4 we show that many well-known 2 + 1 soliton equations are the simplest equations 
of the n-component KP hierarchy, and deduce from §3 expressions for their r-functions 
and the corresponding Hirota bilinear equations. 

Using vertex operators we write down in §5 the A^-solitary solutions (5.1.11) of the n- 
component KP and hence of all its relatives. We discuss briefly the relation of this general 
solution to the known solutions to the relatives. 

In §6 we discuss the m-rcductions of the n-component KP hierarchy. They reduce the 
2 + 1 soliton equations to 1 -|- 1 soliton equations. We show that at the group theoretic level 
it corresponds to a reduction from GLoo (or rather a completion of it) to the subgroup 
SLmn{'C[t,t~^) (Proposition 6.1). We discuss in more detail the 1-reduced n-component 
KP, which is a generalization of the NLS system and which admits further generalization 
to any simple Lie group. 

We would like to thank A.S. Fokas for asking one of us to write a paper for this volume. 
We are grateful to E. Medina for calling our attention to the paper [HMM]. The second 
named author would like to thank MIT for the kind hospitality. 

§1. The semi-infinite wedge representation of the group GLqq and the KP 
hierarchy in the fermionic picture. 

1.1. Consider the infinite complex matrix group 

GLoo = {A = (a^ )j 1 1 A is invertible and all but a finite number of a^- — Sij are 0} 

and its Lie algebra 

gloo = {a = (ttij) J ^'^j^i I all but a finite number of are 0} 

with bracket [a, b] = ab — ba. The Lie algebra gl^o has a basis consisting of matrices 
Eij, i,j e Z -|- ^, where Eij is the matrix with a 1 on the (i,j)-th entry and zeros 
elsewhere. 

Let C°° = 1 Cf j be an infinite dimensional complex vector space with fixed basis 

{'^iljez+i- Both the group GLqo and its Lie algebra glo^ act linearly on C°° via the usual 
formula: 

Eij{vk) = 5jkVi. 

The well-known semi-infinite wedge representation is constructed as follows [KP2]. The 

semi- infinite wedge space F — A2°°C°° is the vector space with a basis consisting of all 
semi-infinite monomials of the form vi^ /\ A Vi^ . . . , where ii > i2 > is > ■ ■ ■ and 
= i£ — 1 for £ >> 0. We can now define representations R of GL^o and r of gloo on 
Fhy 

(1.1.1) R{A){vi^ A A Wig A • • • ) = Avi^ A Avi^ A Avi^ A • • • , 
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(1.1.2) r{a){vi^ A A A • • • ) = ^ A A • • • A Vi^_j^ A avi,^ A Vi^^^ A • • • . 

k 

These equations are related by the usual formula: 

exp(r(a)) = i?(expa) for a e gloo- 

1.2. The representation r of gl^ can be described in terms of a Clifford algebra. Define 
the wedging and contracting operators V'/ and ij^J (j e Z + |) on F by 



if J = igfor some s 

{-lyvi^ AVi^ ■ ■ ■ AVi^ A v-j A Vi^_^_^ A • • • if > -j > is+i 

if for all s 

Vi [Vi, AVi^A---) = 



h~ (vi, AVi„ A ■ ■ ■) . 

' { {-iy+^Vi,AVi,A---AVi^_,AVi^^,A--- ifj = is. 

These operators satisfy the following relations (i, j G Z + A, /i = +, — ): 

(1.2.1) ^^^^ + ^^^^ = 5x,-^5i,-j, 

hence they generate a Clifford algebra, which we denote by Ci. 
Introduce the following elements of F (m e Z): 

\m) = 1 A v^.s A v^.s A . • . . 
It is clear that F is an irreducible C£-module such that 

(1.2.2) |0) = for J > 0. 

It is straightforward that the representation r is given by the following formula: 

(1.2.3) r{E,j)=i;+,i;-. 
Define the charge decomposition 

by letting 

(1.2.5) charge(f A f A . . . ) = m if i/- + /c = i + m for /c >> 0. 
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Note that 

(1.2.6) charge(|m)) = m and charge (•i/'j^) = ±1. 

It is clear that the charge decomposition is invariant with respect to r{gioo) (and hence 
with respect to R{GLcx,))- Moreover, it is easy to see that each F^'^'> is irreducible with 
respect to g£oo (and GLoo)- Note that |m) is its highest weight vector, i.e. 

r{Eij)\m) = for i < j, 

r{Eii)\m) = (resp. = |m)) if z > m (resp. if z < m). 

1.3. The main object of our study is the GLoo-orbit 

C = i?(G'Loo)|0) CF^O) 

of the vacuum vector |0). 

Proposition 1.3 ([KP2]). A non-zero element r of F^^^ lies in O if and only if the 
following equation holds in F <S) F: 

(1.3.1) Yl ^t^®^-k^ = ^- 

Proof. It is clear that Ylk'^kl^) ® V'lfel'^) ~ ^ ^^^^ operator 

Sfc '^k ® '^k ^ End(F (g) F) commutes with R{g) (8) R{g) for any g e GLoo- It follows that 
R{g)\Qi) satisfies (1.3.1). For the proof of the converse statement (which is not important 
for our purposes) see [KP2] or [KR]. □ 

Equation (1.3.1) is called the KP hierarchy in the fermionic picture. 
Note that any non-zero element r from the orbit O is of the form: 

(1.3.2) T = u_i A u_3 A u_5 A . . . , where Uj e C°° and = v^k for k ^ 0. 

This allows us to construct a canonical map (p : O — > Gr by <^(t) = ^-Cu^i C C°°, 
where Gr consists of the subspaces of C°° containing for A; ^ as a 

subspace of codimension k. It is clear that the map (p is surjective with fibers C^. 

1.4. Consider the free Z-module L with the basis {^jj^gi^^, let A (resp. Aq) = 
{5i — Sj\i,j G I + Z (resp. i, —jE^+ Z_|_), i ^ j}, and let M C L (resp. Mq C L) be the 
Z-span of A (resp. Aq). We define the weight of a semi-infinite monomial by 

(1.4.1) weight(V'+ . . . . . . ^|;-\0)) = + . . . + - Sj, - . . . - 5^,. 

Note that weights of semi- infinite monomials from F^^^ lie in Mq. Given t E F we denote 
by /suppr, and call it the fermionic support of t, the set of weights of semi- infinite 
monomials that occur in r with a non-zero coefficient. 
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Proposition 1.4. If t & O, then fsupp t is a cube consisting of all sums of elements of 
a finite subset of Aq. 

Proof. According to the general result [PK, Lemma 4], the edges of the convex hull of 

/supp T must be parallel to the elements of Aq. But if the difference of weights of two 
semi-infinite monomials is a multiple of 6i — 6j, then it is clearly equal to ±(5j — Sj). Hence 

edges of the convex hull of /supp r are translations of elements of Aq, and the proposition 
follows. □ 

§2. The n-component bosonization and the KP hierarchy in the bosonic pic- 
ture. 

2.1. Using a bosonization one can rewrite (1.3.1) as a system of partial differential 
equations. There are however many different bosonizations. In this paper we focus on the 
n-component bosonizations, where n — 1,2, ... . 

For that purpose we relabel the basis vectors Vi and with them the corresponding 
fermionic operators (the wedging and contracting operators) . This relabeling can be done 
in many different ways, see e.g. [TV], the simplest one is the following. 

Fix n eN and define for j e Z, 1 < j <n, k e'L + \: 

and correspondingly: 

jMj) _ i ± 

^nk±^{n-2j+iy 

Notice that with this relabeling we have: 

7/,J(-')|0) = for /c> 0. 

The charge decomposition (1.2.5) can be further decomposed into a sum of partial 
charges which arc denoted by charge^, j = 1, . . . ,n, defined for a semi-infinite monomial 
V = Vi^ Avi^ A . . . of weight Yli by 

(2.1.1) chargej(v) = ^akn+j-i/2- 

fcez 

Another important decomposition is the energy decomposition defined by 

(2.1.2) energy |0) = 0, energy i/^^^^^ = —k. 

Note that energy is a non-negative number which can be calculated by 

(2.1.3) energy(^;)= ak{[k/n] + ^). 

k€^+Z 

Introduce the fermionic fields {z e C^): 
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(2.1.4) Yl V'J^'^^"'"^- 
Next we introduce bosonic fields (1 < i, j < n): 

(2.1.5) a^'^\z) = ^-^-^-^ iP+^'\z)ip-^^\z) :, 

fcez 

where : : stands for the normal ordered product defined in the usual way {X,ii = + or — ): 



(2.1.6) : v^r vr^^ 



if£<o. 



One checks (using e.g. the Wick formula) that the operators a\^''^ satisfy the commutation 
relations of the affine algebra gln{C)^ with central charge 1, i.e.: 

(2.1.7) [«f \ «?'^] = - ^ii'^P+l +P^ii^jkSp,-g, 
and that 

(2.1.8) a^'^^ |m) = if /c> or /c = and i < j. 

The operators a\^^ = o;^**'* satsify the canonical commutation relation of the associative 
oscillator algebra, which we denote by o: 

(2.1.9) [4\a'f^]^kd,,dk,-i, 
and one has 

(2.1.10) = for A;> 0. 

It is easy to see that restricted to gin{C)^, F^'^'' is its basic highest weight representation 
(see [K, Chapter 12]). The 5r£„(C) '^-weight of a semi- infinite monomial v is as follows: 



(2.1.11) Aq + ch.aj:gej{v)Sj — energy(v)5. 

3 = 1 
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Here Aq is the highest weight of the basic representation, {Sj} is the standard basis of the 

weight lattice of g£n{C) and 5 is the primitive imaginary root ([K, Chapter 7]). 

In order to express the fermionic fields ip'^^'^\z) in terms of the bosonic fields a^^^\z), 
we need some additional operators Qi, i = 1, . . . ,n, on F. These operators are uniquely 
defined by the following conditions: 

(2.1.12) Q,|0) = ^+f\0), Q.V'?^) = (-1)^-+V3^,Q^- 
They satisfy the following commutation relations: 

(2.1.13) QiQj = -QjQi if i ^ j, [a'j^\Qj] = SijdkoQj. 
Theorem 2.1. ([DJKMl], [JM]) 

(2.1.14) i;^^^\z) = Qfz^'^o ' exp(T ^ ^^"') ^^p(T E l^'k^'''^' 

k<0 k>0 

Proof, see [TV]. 

The operators on the right-hand side of (2.1.14) are called vertex operators. They made 
their first appearance in string theory (cf. [FK]). 
We shall use below the following notation 

(2.1.15) |/cl,...,A;„) = Q^...QM0). 



REMARK 2.1. One easily checks the following relations: 

They imply formula (2.1.14) for ip^^'^^z) except for the first two factors, which require 
some additional analysis. 

2.2. We can describe now the n-component boson-fermion correspondence. Let C[x] be 

the space of polynomials in indeterminates x = {x^j^^}, /c = 1, 2, . . . , i = 1, 2, . . . , n. Let 
L be a lattice with a basis 5i, . . . ,6^ over Z and the symmetric bilinear form {Si\Sj) — Sij, 
where 5ij is the Kronecker symbol. Let 

f -1 if ^ > i 
2.2.1) £i,- = i 

Define a bimultiplicative function e : L x L — >{±l}by letting 
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(2.2.2) 



e{5i, 5j) = e. 



I]- 



Let 5 = 5i + . . . + 5n, M = {7 e L| (5|7) = 0}, A = {uij := 6i-6j\i,j = 1,... ,n, i^j}. 

Of course M is the root lattice of s£n(C), the set A being the root system. 

Consider the vector space C[L] with basis e''', 7 e L, and the foUowing twisted group 
algebra product: 



(2.2.3) 



e{a, (3)e 



a+/3 



Let B — C[x] (X>c C[L] be the tensor product of algebras. Then the n-component boson- 
fermion correspondence is the vector space isomorphism 



(2.2.4) 
given by 



a : F 



(2.2.5) 



o-(q;^J^^ . . . a^;^^ \ki,... , kn)) = mi . . . m^aj^V • • • ^ 



(ii) 



,/ci(5i+...+fe„5„ 



The transported charge and energy then will be as follows: 

(2.2.6) charge(p(x) ® e^) = (5|7), chargej(p(a:) ® e^) = (5j|7), 

(2.2.7) enevgy{xg\^ . . . xg^^^ e^) = mi + . . . + m, + i(7|7). 

We denote the transported charge decomposition by 

B = ^B^"'\ 

The transported action of the operators am and Qj looks as follows: 



(2.2.8) 



era: 



-In^ ^{p{^) ® 6'^) = mxmp{x) ® , if m > 0, 
aa^ri^a-\p{x) (8) e^) = (g) e^, if m > 0, 

aa^Q^^a-^(p(x) (g) e^) = (Sj\^)p{x) e^, 
I c7Qj(7-Hp(a;) ® e^) = e(5j, 7)^(0;) ® e'^+'^^- . 



2.3. Using the isomorphism a we can reformulate the KP hierarchy (1.3.1) in the 
bosonic picture as a hierarchy of Hirota bilinear equations. 

We start by observing that (1.3.1) can be rewritten as follows: 
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(2.3.1) Res^=o dz{J2i^^^^\z)^®i^~^^Hz)r) = 0, r e F^°\ 

3 = 1 



Here and further Res^^o dz fjZ^ (where fj are independent of z) stands for Notice 

that for r G F^^\ cr(T) = 'Tji^)^'^- Here and further we write T-y{x)e'^ for r-y ® e'''. 

Using Theorem 2.1, equation (2.3.1) turns under a®a : F^F ^ C[x', x"]®{C[L']®C[L"]) 
into the following equation: 



Res2=o 



xexp()_^(4^^ -4^^ )^fc)exp(-)_^(— ^)--) 
Ta(x')(e"+^0%M(e^"'0") = 0. 
Hence for all a, ^ E L such that (q;|5) = — (/?|(^) = 1 we have: 

n 

Res^=o((^^E^(^J'" ~ /3)^('5il«-/3-2'5.) 

J=l 

fc=l k=l ^^k ^^k 

ra-Sj{x')Tf3+5.{x")) = 0. 

Now making the change of variables 

_ 1 (AjY , AJ)") yij) - 1 (^UY _ ™0)"x 

(2.3.3) becomes 



(2.3.4) 

OO OO Q 

X exp(^ 22/^^^2;'=) exp(- J] ^)r«_5 . (x + y)T;3+5. (x - y)) = 0. 
fe=i k=idyr 

We can rewrite (2.3.4) using the elementary Schur polynomials defined by (0.1.13): 
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n oo Q 

(2.3.5) ^ e{5j,a - /?) Sk{2y^^^)Sk-i+(^5i \a-i3){--Q-j^)ra-5^ {x + 2/)r^+5,. {x - y) = 0. 

Here and further we use the notation 

d _ d I d Id 
dy dyi ' 2 ' 3 dys' " ' 

Using Taylor's formula we can rewrite (2.3.5) once more: 

n oo Q 

^£(5j, a-P)J2 Sk{'^y^^^)Sk-i+iSj\a-0){--^-(j)) 

(2.3.6) 3=1 k=o 

X e »"r- Ta_5^. (X + U)Ti3+Sj {X - U)\u=0 = 0. 

This last equation can be written as the following generating series of Hirota bilinear 
equations: 



^£(5,-, a - P)J2Sk{2y^'^)Sk-i+is,\a-p){-Di^^) 
(2.3.7) j=i k=o 

spn y^oo .(j)T-)(j) 
X e^J=l ^r=l Vr r . ^^^^^ = Q 

for all Q!,/9 e L such that {a\5) = —{P\5) = 1. Hirota's dot notation used here and further 
is explained in Introduction (see (0.1.9)). 

Equation (2.3.7) is known (see [DJKM1,2], [JM]) as the ?7,-component KP hierarchy of 
Hirota bilinear equations. This equation still describes the group orbit: cr(C) = 
aRa-\GL^) ■ 1. 

REMARK 2.3. Equation (2.3.7) is invariant under the transformations a\ — >a+j, (3 \ — > 
/? + 7, where 7 e M. Transformations of this type are called Schlessinger transformations. 

Let T = '^y^L 'T'y{x)e'^ e B; the set supp r =^ {7 e L\ ^ 0} is called the support of 

T. 

Proposition 2.3. Let r E C[[x]] (g) C[M] be a solution to the KP hierarchy (2.3.4)- Then 
supp T is a convex polyhedron with vertices in M and edges parallel to elements of A. More 
explicitly, supp r may he obtained by taking all possible sums of elements of a finite set 
S = {7i5 • • • 5 7m}; where all 7^ e A. 

Proof. Consider the linear map a : L ^ L defined by a'(5j) = (5(j_|_i/2) mod ni where 

a mod n stands for the element of the set {1, ... ,n} congruent to a mod n. Then it is 

easy to see that for r e F we have: 
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supp cr(T) = cr(/supp r). 
Now Proposition 2.3 follows from Proposition 1.4. □ 

2.4. The indeterminates yj^^ in (2.3.7) are free parameters, hence the coefficient of a 

monomial yl^_^^ . . . yj^"'' (fcj e N, ki < k2 < ■ ■ ■ , ji & {1, ■ ■ ■ , n}) in equation (2.3.7) gives 
us a Hirota bilinear equation of the form 

n 

(2.4.1) Yl Y.QklAD)ra-6, ■ T0^6, = 0, 

i=l a, (3 

where Q\^^^ p are polynomials in the Di^\ k = (/ci, . . . , /Cg), j = (ji, • • • , Js) and a, /3 E L 
are such that {a\S) = —{p\d) = 1. Each of these equations is a PDE in the indeterminates 

x^i^^ on functions r-y, 7 G M. 

Recall that an expression Q{D)Ta. • rg is identically zero if and only if a = P and 
Q{D) = —Q{—D). The corresponding Hirota bilinear equation is then called trivial and 
can be disregarded. 

Let us point out now that the energy decomposition (2.2.7) induces the following energy 
decomposition on the space of Hirota bilinear equations: 

(2.4.2) eneTgY{Q^l^p{D)Ta-5, ■ rp+5,) = fci + . . . + /c. + \{{a\a) + (/?|/?)) 

It is clear that the energy of a nontrivial Hirota bilinear equation is at least 2. 
Below we list the Hirota bilinear equations of lowest energy for each n. 

n=l. In this case we may drop the superscript in D^^^ and the subscript in Tq, (which 
is 0). Each monomial yki...yks gives a Hirota bilinear equation of the form 

QkiD)T-T = 

of energy ki + . . . + kg + l. An easy calculation shows that the lowest energy of a non-trivial 
equation is 4, and that there is a unique non-trivial equation of energy 4, the classical KP 
equation in the Hirota bilinear form: 

(2.4.3) {Df - 4D1D3 + 3DI)t . t = 0. 

n > 2. There is an equation of energy 2 for each unordered pair of distinct indices i and 
k (recall that cujfc = Si — 6k are roots): 

(2.4.4) D['^DPTo-To = 2Ta^^,Ta^,,. 

Furthermore, for each ordered pair of distinct indices i and j there are three equations of 
energy 3: 
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(2.4.5) {D^^ + Df^)To ■ Ta,, = 0, 

(2.4.6) {D^^^ + D^^^^)r^^. • tq = 0, 

(2.4.7) DfD'i\Q ■ TO + 2L»i^V«,, • T«,, = 0. 

n > 3. There is an equation of energy 2 and an equation of energy 3 for each ordered 
triple of distinct indices k: 

(2.4.8) -Of Vo • Taij = eikekjEijTai^Ta^j , 



(2.4.9) ^?Vo • Ta^j = eijSkjeikDf\^.^ ■ Ta^. . 

(Note that (2.4.6) is a special case of (2.4.9) where k = j.) 

n> A. There is an algebraic equation of energy 2 for each ordered quadruple of distinct 
indices i,j,k,£: 

(2.4.10) eijEklToTaik+aje + ^U^jkTaik^aje + ^ik^ji^Oie^ajk = 0- 

Equations (2.4.4-10), together with an algebraic equation of energy 3 for each ordered 
sixtuple of distinct indices similar to (2.4.10), form a complete list of non-trivial Hirota 
bilinear equations of energy < 3 of the n-component KP hierarchy. 

§3. The algebra of formal pseudo-differential operators and the n-component 
KP hierarchy as a dynamical system. 

3.0. The KP hierarchy and its n-component generalizations admit several formulations. 
The one given in the previous section obtained by the field theoretical approach is the r- 
function formulation given by Date, Jimbo, Kashiwara and Miwa [DJKMl]. Another 
well-known formulation, introduced by Sato [S], is given in the language of formal pseudo- 
differential operators. We will show that this formulation follows from the r-function 
formulation given by equation (2.3.3). 

3.1. We shall work over the algebra A of formal power series over C in intederminates 

X = (x^i^^), where k — 1,2, . . . and j = 1, . . . , n. The indeterminates . . . ,x^^ will be 

(7) 

viewed as variables and x^ with k >2 as parameters. Let 

d d 

d= T-T + ...+ 



dxi'^ dx'f'^ 

A formal n x n matrix pseudo-differential operator is an expression of the form 



(3.1.1) 



P{x,d)=Y,Pji^)d', 
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where Pj are n x n matrices over A. The largest N such that Pn 7^ is called the 
order of P{x,d) (write ord P{x,d) = N). Let \& denote the vector space over C of all 
expressions (3.1.1). We have a linear isomorphism s : \1/ — > Ma,tn{A{{z))) given by 
s{P{x,d)) — P{x,z). The matrix series P{x,z) in inteterminates x and z is called the 
symbol of P{x, d). 

Now we may define a product o on making it an associative algebra: 

n=0 

We shall often drop the multiplication sign o when no ambiguity may arise. Letting 
'^{m) = {P e '^\ord < m}, we get a Z-filtration of the algebra 

(3.1.2) • • • *(m + 1) D ^'(m) D ^'(m - 1) D ■ ■ • 

One defines the differential part of P{x, d) by P+{x, d) = Y^^=o Pji.^)^^ ■> ^- — 

P — P+. We have the corresponding vector space decomposition: 

(3.1.3) * = *_e*+. 

One defines a linear map * : ^ by the following formula: 

(3.1.4) {J2Pjdr=J2(-^y°'P^- 

j j 

Here and further *P stands for the transpose of the matrix P. Note that * is an anti- 
involution of the algebra In terms of symbols the anti-involution * can be written in 
the following closed form: 

d 

(3.1.5) P*{x,z) = {ex.^d—)^P{x,-z). 

oz 

It is clear that the anti- involution * preserves the filtration (3.1.2) and the decomposition 
(3.1.3). 

3.2. Introduce the following notation 

00 

z . x^^) = ^4'^^^ e^-^ = diag{e'-^'"\ . . . ,e^-^'"'). 
fc=i 

The algebra ^' acts on the space f/_|_ (resp. f/_) of formal oscillating matrix functions of 
the form 

J2 PjZ^e^-'' (resp. ^ Pj-^^e"^-^), where Pj e Matn(^), 

j<N j<N 

in the obvious way: 

P(x)a^e±^-^ = P(x)(±^)^e±^-^. 
We can now prove the following fundamental lemma. 
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Lemma 3.2. If P,Q e ^ are such that 

(3.2.1) Res,=o{P{x, a)e^'^) \Q{x', d')e-''-''' )dz = 0, 
then {PoQ*)_ = 0. 

Proof. Equation (3.2.1) is equivalent to 

(3.2.2) Res,^oP{x, ^)e^(^-^') *Q{x', -z)dz = 0. 
The (i,m)-th entry of the matrix equation (3.2.2) is 



ReSz=o^Pij{x, z)Qmj{x' , -z)e^'^'''''^ '''^'^^dz = 0. 



i=l 



Letting y^f^^ — ~ ^'k^ ■> ^^is equation can be rewritten by applying Taylor's formula to 
Q: 

(3.2.3) ReSz=o^Pij{x,z)ex.Y>^^yk\^tj^^ (j^)Qmj{x, -z)dz = 0. 

j=i e=i k=i ^^k 

Letting y^^ = for /c > 1 and y[^^ — y for all £, we obtain from (3.2.3): 

(3.2.4) Res^=oP{x, z) ^ ^^^d''{ ^Q){x, -z)y^ey^dz = 0. 



A;! 

fe>0 



Notice that y'^e^^ = (e^^)^'^). Here and further we write (p^'^^ for Using integration 

by parts with respect to z, (3.2.4) becomes: 



(3.2.5) Res,=o Y ^{P{x, z)d''{ 'Q){x, -z))^^'^ e^^ dz = 0. 

k>0 

Using Leibnitz formula, the left-hand side of (3.2.5) is equal to 



' -\k-£ 



^e^-oEE|#7n^^'^(^'^) (^'^ '^^^^'"'^ {x,-z)ey^dz 
= Res,^oJ2lp^'\x,z)d' (f;H)!a'=( 'Q^^')){x,-z)\ ey^dz 

i>0 ' \k=0 ' / 

= Res^^o E ^) (^-^^) ^"'^^ = R^'-=o{P o Q*){x, z)ey'dz. 
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So we obtain that 

(3.2.6) Res^=o{P o Q*){x, z)ey^dz = 0. 

Now write {P oQ*){x,z) = and e^^ = E^o Then from (3.2.6) we 

deduce: 

j 1=0 ' e=o 

Hence Aj{x) = for j < 0, i.e. (P o g*)_ = 0. □ 

3.3. We proceed now to rewrite the formulation (2.3.3) of the n-component KP hierar- 
chy in terms of formal pseudo-differential operators. 

Let 1 < a,b < n and recall formula (2.3.3) where a is replaced by a + Sa and P by 
/3-Sb: 



xexp(^(4^^ -4'^ )^ )^^p(-E(^w-^w^^^ 

Ta+a„, {x')Ti3-a,. {x")) = («,/?£ M). 

For each a e supp r we define the (matrix valued) functions 
(3.3.2) V^{a,x,z) = (V±(a, x, ^))^,=i 

as follows: 

F±(a, a;, z) 8(6^, a + 5,)z('^^ l±"+«-) 
X exp(±2^4-^^z )exp{^2^——--—)Ta±aij{x)/ra{x). 

k=i fc=i^4 

It is easy to see that equation (3.3.1) is equivalent to the following bilinear identity: 

(3.3.4) ReS:,=oV+ (a, x, z) (/5, x', z)dz = for aU a,PeM. 

Define nxn matrices W'^^'^\a, x) by the following generating series (cf. (3.3.3)): 
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(3.3.5) Yl <^"^H«,x)(±^)— = £,,/--nexpT$^-^^)r«±«.,(a:))/^^ 

m=0 fe=l ^^k 



Note that 



(3.3.6) W^^^\a,x) ^ I„ 



(3.3.7) W^^(^)(«,a;) = . . • • 



.—1 dTg 



(3.3.8) l^^^'^(a,x)= <^ 

We see from (3.3.3) that V^{a, x, z) can be written in the following form: 



(3.3.9) V^{a,x,z) = (^ W^^'^\a,x)R^{a,±z){±z)-'^)e^'-'', 

m=0 

where 



(3.3.10) R^{a,z) = Y,<^i,o^)Eu{±z)^^^^\"^ 



Here and further Eij stands for the n x n matrix whose entry is 1 and all other 

entries are zero. Now it is clear that ^^{a, x, z) can be written in terms of formal pseudo- 
differential operators 



(3.3.11) P^{a) = P^{a,x,d) = + ^ W^^'^\a,x)d-'^ and R^{a) = R^{a,d) 

m=l 

as follows: 

(3.3.12) V^{a, X, z) = P±(a)i?±(a)e±^-^. 
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Since obviously 

(3.3.13) R-(a,d)-'^ = R+{a,d)*, 
using Lemma 3.2 we deduce from the bilinear identity (3.3.4): 

(3.3.14) {P+{a)R+{a - (3)p-{(3y)- = for any e supp r. 
Furthermore, (3.3.14) for a = /5 is equivalent to 

(3.3.15) p-(a) = (P+(a)*)-\ 

since -R=^(0) = /„ and P^{a) e + Equations (3.3.14 and 15) imply 

(3.3.16) {P^{a)R-^{a - P)P+{P)-^)- = for aU a, /3 e supp r. 

From now on we shall write -P(a) instead of P~^{a). 

Proposition 3.3.. Given (3 e supp r, all the pseudo- differential operators P{a), a e 
supp T, are completely determined by P{(3) from equations (3.3.16). 

Proof. We have for i ^ j : R{(Xij) — Ad + B + Cd~^ , where 

n 

(3.3.17) A = SijEii, B = ^ SikEjkEkk, C = ejiEjj. 

k=i 

For P = In + Ejli W^^^d-^ we have 

(3.3.18) = In- W^^^d-^ + (W^(l)2 _ ^(2))5-2 ^ . . . _ 

Let a,P G M be such that a — P = aij. It follows from (3.3.18) and (3.3.16) that 
P{a)R{a - (3)P{(3)-^ = {P{a)R{a - (3)P{(3)-^)+ ^ Ad + B + W^^\a)A - AW^^\(3), or 
equivalently: 

P{a){Ad + B + Cd-^) = {Ad + B + W^^\a)A-AW^^\p))P{P). 
Equating coefficients of d~'^, m > 1, we obtain: 

W^'^+^\a)A + W^'^\a)B + W^'^-^\a)C - 
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Substituting expressions (3.3.17) for A, B and C, we obtain an explicit form of matching 
conditions (m > 1): 



(3.3.19) = eijEii{dW^'^\(3) + W^'^+'^\(3) - W^'-\(3)W^'^\(3)) 

It follows from (3.3.19) that W^'^^^\a) for m > 1 can be expressed in terms of the W'^^^ (P) 
with s < m + 1 and W^^\a). Looking at the (/c,£)-entry of (3.3.19) for k,i ^ we see 
that W^^\a) can be expressed in terms of W^'^\l3) and W^j^{a), where k ^ i^j. The 
(/c,j)-entry of (3.3.19) for m = 1 gives: wl'l\a)wj:p {(3) = e^kSjkWl^f (P), and since the 
(j,j)-entry of this equation is Wjl\a)wj^p (P) = —1, we see that wj;j\(3) is invertible, 

hence W^l\a) is expressed in terms of W^^\P). 

Due to Proposition 2.4 for any a, P & supp r there exist a sequence 71, . . . ,7fc such 
that a = 7i, /3 = 7/c and 7^ — 7^+1 e A for all z = 1, . . . , A; — 1. The proposition now 
follows. □ 



REMARK 3.3. The functions P'^{a,x,z) {a G M) determine the r-function 

TQ,(x)e" up to a constant factor. Namely, we may recover Ta{x) from functions 
Pjj{a,x,z) as follows. We have from (3.3.5): 

5 

log P^j {a,x,z)^ log Ta (xj^^ - ) - log (xf ^ ) . 

Applying to both sides the operator ^ — Ylk>i '^~'^~^~73T (that kills the first summand 
on the right), we obtain: 

fc>i ^4 fe>i ^4 

Hence 

(3.3.20) ^logT„(x) = Res,=o dz z^{^ - J] ^"^-^ ^) logP^5(a, a;, ^). 

^^k ^ k>l ^^k 



This determines Tq,(x) up to a constant factor. It follows from (3.3.7) and Proposition 2.3 
that these constant factors arc the same for all a. 

3.4. Introduce the following formal pseudo-differential operators L(q;), C^^\a), L^^\a) 
and differential operators Bfn{oi) and Bm{o()'- 
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L{a) = L{a, x, d) = P+{a) odo P+{a)-\ 
C^^\a) = C^'\a,x,d) = P+{a)EjjP+{a)-\ 

(3.4.1) L^^\a) = C^^\a)L{a) = P+{a)Ejj odo P+{a)-\ 

Bmia) = {L{ar)+ = {P+{a) o o P+{a)-')+, 
B^J){a) ^ (L^^HarU = {P^{o^)Ejj o 9^ o P+{a)-')+. 

Using Lemma 3.2 we can now derive the Sato equations from equation (3.3.4): 

Lemma 3.4. Each formal pseudo- differential operator P = P^{a) satisfies the Sato equa- 
tions: 

BP 

(3.4.2) -— = -{PE,, o d'^ o P-1)_ o P 
Proof. Notice first that 



{-^-Bi^\a))V+ia,x,z) = {-jj. - Bi^\a))P+{a)R+{a)e-' 
= ^^TTlF^^^") + P+{a)R+{a)E,,d'^ - Bl^\a)P+{a)R+{a))e^ 

■™+P+(.)E,,c^^--(^)' 
dx[ 



,aP+(a)„+,_, , 

^^^^tF + P+(«)i?,,a^ - Bi^\a)P+{a))R+{a)e^-^ 



(- 



+ L^^\a)'P+{a) - Bl^\a)P+{a))R+{a)e^ 



dx 



U) 

k 



(^^^ + {L^'\a)')-P+ia))R+{a)e^- 



dx\^^ 

Next apply — ^ — B^f^\a) to the equation (3.3.4) for cu = /3 to obtain: 



Res,=o dz (^^^ + (L(^) («)'=) _)(P+(Q;)i?+(a)e^-^) *(p-(a)i?-(a)e-^-^') = 0. 
ox^ 

Now apply Lemma 3.2 and (3.3.15) to obtain: 

((^fl^ + (lW(«)')-^^+(«))^^+(«)-')- = 

"^k 

which proves the lemma. □ 
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Proposition 3.4. Consider the formal oscillating functions V^{a^ x, z) and V~{a, x, z), 
a e M, of the form (3.3.12), where R^{a,z) are given by (3.3.10) and P^{a,x,d) e 
In + ^I/-. Then the bilinear identity (3.3.4) for all a, (3 E supp t is equivalent to the 
Sato equation (3.4-2) for each P = P~^{a) and the matching condition (3.3.14) for all 
a,P & supp T. 

Proof. We have proved already that the bihnear identity (3.3.4) implies (3.4.2) and (3.3.14). 
To prove the converse, denote by A{a, /3,x,x') the left-hand side of (3.3.4). The same 
argument as in the proof of Lemma 3.4 shows that: 



(3.4.3) I - b\^^ (a) I A{a, /3, x, x') = 0, 



(3.4.4) A{a,(3,x,x) ^0, 

where B'j^\a) is defined by (3.4.1). 

Denote by Ai{a,P) the expression for A{a,P,Xjx') in which we set a;^"'^ = x'^''^ = if 

k > 2 and x^"^ = . . . = x^"* = xi, x'}^^ = . . . = x'}"'^ = x'^. Expanding A{ol., P, x, x') in a 

power series with coefficients in Cffxi^"* + . . . + iCi"'']], we deduce from (3.4.3) that all its 
coefficients are multiples of the constant term. Hence, due to (3.4.4) it remains to prove 
that 

(3.4.5) Ai(a,/3)=0. 

But the same argument as in the proof of Lemma 3.2 shows that 

a, Xi, d)R'^{a — P, d)P {P, xi, d)* e^^dz, 

where y = xi — x[. Hence, as at the end of the proof of Lemma 3.2, (3.4.5) follows from 
(3.3.14). □ 

3.5. Fix a G M; we have introduced above a collection of formal pseudo-differential 
operators L = L(a), C*^*^ = C^'^\a) of the form: 



L = Ind + J^U^^\x)d-\ 



(3.5.1) ' ' 



C« =E,, + 5^C(^'^')(a;)c^-^ z=l,2. 



subject to the conditions 
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(3.5.2) C^'^ = ^n, C^^L = LC^'\ C^^C^^^ = 6ijC^^ 



i=l 



They satisfy the following set of equations for some P e In + ^- 



(3.5.3) 



LP = Pd 

dP^ = -(L«'=)_P, where L« = C^L. 



Notice that the first equation of (3.5.3) follows from the last one, since L = /„5+X]^(L^*))_. 

Proposition 3.5. The system of equations (3.5.3) has a solution P e + if and only 
if we can find a formal oscillating function of the form 



(3.5.4) W{x,z) = {In + 

that satisfies the linear equations 



dW 



(3.5.5) LW = zW, C^^W = WEii, = B^^W. 



dx 



(i) 



k 



Proof (3.5.3) (3.5.5): Put W = Pe^'^. Then we have: 

LW = LPe^'' = Pde^'^ = zPe^'"' = zW; 
Cii)w = CWpe^-^ = PEue^-'' = Pe^'^'Eu = WEa; 

= + = _(L(')k) Pe'-^ + z^PE-e^-'' 

ox), ox). Ox), 

= -{L^'^^)_W + PEiid'^e'-'' = -(L(^)'=)_W + C^'^Pd^e^-'' 
= -{L^^'')_W + C^^L^Pe''-'' = -{L^^^)_W + L^'^^W = P^'V. 

(3.5.5) ^ (3.5.3). Define P e * by W = Pe^'^. If LW = zW, then LPe^"^ = zPe^' 
Pde^'^, hence LP — Pd. 

If C^^W = WE,,i, then C^^^Pe^'^ = Pe^'^'Eu = P^^^e^•^, hence C^'^P = PEu- 

z-x 



Finally, the last equation of (3.5.5) gives: ^(Pe^'^) = -(L(^)'=)_Pe^-^ + L^^'^Pe 

dxl' 

Since we have already proved the first two equations of (3.5.3), we derive (as above): 
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l^{i)kp^z-x ^ ^fcpgz-x ^ p^s^, hence: ^e^'^ = -(L(*)'=)_Pe^'^, which proves that P 
satisfies the Sato equations. □ 

REMARKS 3.5. (a) It is easy to see that the collection of formal pseudo-differential oper- 
ators {L, C(^), . . . , C(")} of the form (3.5.1) and satisfying (3.5.2) can be simultaneously 
conjugated to the trivial collection {d, En, . . . , Enn} by some P e /^-|-^'-. It follows that 
the solution of the form (3.5.4) to the linear problem (3.5.5) is unique up to multiplication 
on the right by a diagonal matrix of the form 



oo 

(3.5.6) D{z)=e^p-J2(^j^~'/j, 

where the a-,- are diagonal matrices over C (indeed, this is the case for the trivial collection). 
The space of all solutions of (3.5.5) in formal oscillating functions is obtained from one of 
the form (3.5.4) by multiplying on the right by a diagonal matrix over C((^)). For that 
reason the (matrix valued) functions 



(3.5.7) W+{a, X, z) = P+(a)e^•^ a e supp r, 

are called the wave functions for r. The formal pseudo- differential operator P^{a) is called 
the wave operator. The functions W~{a,x,z) = P~{a)e~^'^ are called the adjoint wave 
functions and the operators P~ [a) (which are expressed via P^{a) by (3.3.15)) are called 
the adjoint wave operators. Note that "*"(«, solutions of (3.5.5) as well since they 

are obtained by multiplying W~^{a, x, z) on the right by R^i^a, z). 

(b) Multiplying the wave function {a, x, z) on the right by D{z) given by (3.5.6) 
corresponds to multiplying the corresponding r-function by exptr YlT=i ^k^ki where x^ = 

diag ix'f^\... ,4""^). 

(c) The collection {L, C^^\ . . . jC*-"^-*} determines uniquely P ^ In + ^- up to the 
multiplication of P on the right by a formal pseudo- differential operator with constant 
coefficients from In + 



3.6. In this section we shall rewrite the compatibility conditions (3.5.3) (or equiva- 
lent compatibility conditions (3.5.5)) in the form of Lax equations and Zakharov-Shabat 
equations. 

Lemma 3.6. If for every a & M the formal pseudo-differential operators L = L{a) and 
C^^^ = C^'^\a) of the form (3.5.1) satisfy conditions (3.5.2) and if the equations (3.5.3) 
have a solution P = -P(a) E In + then the differential operators S^"''* = B'l^\a) = 
{L^^\a)'^)^ satisfy one of the following equivalent conditions: 



(3.6.1) 



dL 



dx 



U) 



\B 



THE n-COMPONENT KP HIERARCHY AND REPRESENTATION THEORY. 



29 



,0-) 



(3.6.2) ^-[^^'^^ 



(3.6.3) = 

dx^^^ dxf ^ 



Proof {d. [Sh]): To derive the first equation of (3.6.1) we differentiate the equation LP = 
Pdhyx\^^: 

dL ^ BP dP ^ 



dxf dxf dxi'^ 



and substitute Sato's equation (see (3.5.3)). Then one obtains: 

p = {b\^^l-lb\^^)p 



from which we derive the desired resuh. The second equation of (3.6.1) is proven anal- 
ogously: differentiate C^^^P — PEa, substitute Sato's equation and use the fact that 
[L(J)'=,CW] = 0. 

Next we prove the equivalence of (3.6.1), (3.6.2) and (3.6.3). The implication (3.6.1) 
=^ (3.6.2) is trivial. To prove the imphcation (3.6.2) ^ (3.6.1) note that L = Y,]=i L^^^ 
implies that the first equation of (3.6.1) follows immediately. As for the second one, we 
have: 



dx^'^ dxf dxf 



-1 



= ([4^-\l«]-c«[4^-\l])l-^ 
= {[b)^\c^^]l)l-^ = [b\^\c^% 

Next, we prove the implication (3.6.2) ^ (3.6.3). Since both — ^ and ad b'^^ are 
derivations, (3.6.2) implies: 



dxi'^ 
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Hence: 



dx)^' dx\ ' J \ dxj^' dx^ 

= = 0. 

Since n \E'+ = {0}, both terms on the left-hand side are zero proving (3.6.3). 
Finally, we prove the implication (3.6.3) (3.6.2). We rewrite (3.6.3): 



This right-hand side has order k — 1, hence 



(3.6.4) -y - lW^] e *(A; - 1) for every £ > 0. 

Now suppose that - L^^)] ^ 0. Then: 

which contradicts (3.6.4). □ 



hm ord(-^-[i?[^\L«^]) = oo 



Equations (3.6.1) and (3.6.2) are called Lax type equations. Equations (3.6.3) are called 
the Zakharov-Shabat type equations. The latter are the compatibility conditions for the 
linear problem (3.5.4). Indeed, since — rn"— TiT ^ = ~TiT~Trr^; o^i® finds 



Notice that as a byproduct of the proof of Proposition 3.6, we obtain complementary 
Zakharov-Shabat equations: 



(3.0.5) £?(|!;^_£(£!^ = ,,i(.K)_, 

oxj^^ dx\ ' 
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Proposition 3.6. Sato equations (3.4-2) on P e In + imply equations (3.6.3) on 
differential operators sj^^ — (L*^*)'^)_|_. 

Proof, is the same as that of the corresponding part of Lemma 3.6. □ 

REMARK 3.6. The above results may be summarized as follows. The n-component KP 
hierarchy (2.3.7) of Hirota bilinear equations on the r-function is equivalent to the bilinear 
equation (3.3.4) on the wave function, which is related to the r-function by formula (3.3.3) 
and Remark 3.3. The bilinear equation (3.3.4) for each a = P implies the Sato equation 
(3.4.2) on the formal pseudo-differential operator P = P{a). Moreover, equation (3.4.2) on 
P{a) for each a together with the matching conditions (3.3.14) are equivalent to the bilinear 
identity (3.3.4). Also, the Sato equation (or rather (3.5.3)) is a compatibility condition for 
the linear problem (3.5.5) for the wave function. The Sato equation in turn implies the 
system of Lax type equations (3.6.2) (or equivalent systems (3.6.1) or (3.6.3), which is the 
most familiar form of the compatibility condition) on formal pseudo-differential operators 
L^*) (resp. L and C^*) satisfying costrainsts (3.5.2)). The latter formal pseudo-differential 
operators are expressed via the wave function by formulas (3.4.1), (3.3.9-12). 

3.7. In this section we write down explicitly some of the Sato equations (3.4.2) on the 
matrix elements W^//^ of the coefficients W^^^ (x) of the pseudo-differential operator 



P = I^+J2 W^"'\x)d- 



m=l 

We shall write Wij for wj^p to simplify notation. We have for i ^ k: 

(3.7.1) ^=W,kWkj-S,kW^p, 

ox\ ^ 



(3.7.2) = W,kWtf - 6jkW^p. 

ox{ ' 

Next, calculating from (3.4.2) and substituting (3.7.1) and (3.7.2) in these equations, 
we obtain: 

(3.7.3) ^ = Wik-^ - -^Wkj if A; ^ ^ and A; ^ J, 



(3.7.4) ^ = 2^m,-^if^^i, 
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(3 75) ^--2^W^.. + ^ifz^7 

0X2 ox\ ' ox\ ' 



0x2 0x1 0x1 

REMARK 3.7. Substituting expressions for the Wij = wj;-\a = 0,x) given by (3.3.8), 
the above equations turn into the Hirota bihnear equations found in §2.4 as foUows: 

(3.7.1) for i = j =^ (2.4.4) 
(3.7.1) for i^j (2.4.8) 
(3.7.5) (2.4.5), 

(3.7.4) ^ (2.4.6), 

(3.7.3) for i = j =^ (2.4.7) (with j replaced by k), 
(3.7.3) for ij^j (2.4.9). 

3.8. In this section we write down exphcitly some of the Lax equations (3.6.1) of the n- 
component KP hierarchy and auxiliary conditions (3.5.2) for the formal pseudo-differential 
operators 



(3.8.1) L = Ind + J2u^'Hx)d~^ andC^'^ = Eii + J2C^''^Hx)d-^ (i = 1,... ,n). 

For the convenience of the reader, recall that x stands for all indeterminates x\'^\ where 
i = 1,2,... and k = 1, . . . ,n, that the auxiliary conditions are 



(3.8.2) ^C^^) = In, C^^C^^^ = 5ijC^^, C^'^L = LC^'^ 

i=l 

and that the Lax equations of the n-component KP hierarchy are 
(3.8.3a), ^ = [^f '^]' 



where B^'^^ — [C^''^ L^)^. For example, we have: 



(3.8.3b), fS^ = [Bl'\c(% 



(3.8.4) b['''> =Ekkd + C^'''\ B^2'^=Ekkd^ + C^'''^d + 2EkkU^'^+C^'''^l 
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Denote by cj^^'^^ and U^j"* the (i,j)-th entries of the n x n matrices C^^'^^ and U^^^ 
respectively. Then the term of the second equation (3.8.2) gives: 

(3.8.5) C^j''^^ =0 if i^k and j k, ot i = j ^ k, 



(3.8.6) cj!;''^ = -c!i'^ ■ 

Hence the matrices C^^'^^ are expressed in terms of the functions 

Aij := C^'^^ (note that = 0). 

The term of the second equation (3.8.2) allowes one to express most of the cj^j'"^^ in 
terms of the A^j: 

.(fc,2) 



(3.8.7) Ci;'^' = -AikAkj iii^k and j ^ k, 



(3.8.8) = 

Furthermore, the term of the Lax equation (3.8.3b) i gives: 

dA- ■ 

(3.8.9) — ^ = AikAkj for distinct ij, k, 



(3.8.10) c(;'^) = _|A^forz^,-, 

ox);' 



(3.8.11) = V ^ for z ^ J. 

p=i ^ 

The term of that equation gives for i j (recall that d — + . . . + 



(3.8.12) = + A,,cff^ - Y,{A,,dA,, + C^A,^, 



p=i 
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(3.8.13) = - ^ ^ - ^.,<7«'^> + A.,c'f>. 

Substituting (3.8.7, 8 and 11) (resp. (3.8.7, 8 and 10)) in (3.8.12) (resp. in (3.8.13)) we 
obtain for i ^ j: 



(3.8.14) ) ^-{d- ^fA, - 2 J2 A^pAp,A,„ 

ox\ ' 



rV2 A " 

(3.8.15) C^^^ = + 2 E ^r^^3vApr 



dxY 

p=i 



Furthermore, the 9° and d ^ terms of the Lax equation (3.8.3a) i give respectively for 



(3.8.16) U^}^ = -dA 



(3.8.17) = -d{A,jAj,). 

Finally, the term of the Lax equation (3.8.3b)2 gives 



(3.8.18) f% = -2A,,U^f - C^f for i ^ 

0x2 



(3.8.19) ^ = d'A,, - 2dC^ - C^'^ + m^^A,, fori j, 

dxy 



(3.8.20) 1% = - ^ ^ j ^ k. 

0x2 ox\ ' ox\ ' 
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3.9. Finally, we write down explicitly expressions for U^^^ and C^*'-*^^ in terms of r- 
functions. Recall that 



oo 

L = PdP-^ = I^d + Y^ U^^^d-\ 

oo 

Using (3.3.18) we have: 



(3.9.1) = -dW^^\ 

(3.9.2) = W^^^dW^^^ - dW^'^\ 

(3.9.3) C(^'1) = [WW, 

(3.9.4) C(*'2) = , E,,] + [E,,, ^(1)] . 
Using (3.3.7) we obtain from (3.9.1) and (3.9.3) respectively: 

(3.9.6) Aij = Cfj''^ = ejiTa+^,./Ta. 



(Recall that by (3.8.5 and 6) all the matrices C'-'^'^-* can be expressed via the functions 

Aij.) Using (3.3.7 and 8) and (3.9.2 and 4) one also may write down the matrices t/^^^ 

and C^*'^^ in terms of r-functions, but they are somewhat more complicated and we will 
not need them anyway. 
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§4. The n-wave interaction equations, the generalized Toda chain and the 
generalized Davey-Stewartson equations as subsystems of the n-component 
KP. 

4.0. In this section we show that some well-known soliton equations, as well as their 
natural generalizations, are the simplest equations of the various formulations of the n- 
component KP hierarchy. To simplify notation, let 

(4.0.1) ti = xf, Xi = x['\ so that a = V — - 

ox, 

4.1. Let n > 3. Then the n-component KP in the form of Sato equation contains 
the system (3.7.1) of n(n — l)(n — 2) equations on — n functions Wij {i ^ j) in the 
indeterminates Xi (all other indeterminates being parameters): 

(4.1.1) = ^ik^ki for distinct i,j,k. 

OXk 

The T- function is given by the formula (3.3.7) for a fixed o: G M: 

(4.1.2) Wij = Eji Ta+aijra. 

Substituting this in (4.1.1) gives the Hirota bilinear equation (2.4.8): 

(4.1.3) D-^ T(x • Tq-i-q;^^. = Sik^kj^ij'^a+aik'^a+akj 

Note that due to (3.9.3), Wij — Aij iii ^ j, hence (4.1.1) is satisfied by the Aij as well. 
One usually adds to (4.1.1) the equations 

(4.1.4) dWij = 0, ij^j. 

We shall explain the group theoretical meaning of this constraint in §6. 

Let now a = diag(ai, . . . , a^), b = diag(6i, . . . , 6„) be arbitrary diagonal matrices over 
C. We reduce the system (4.1.1) to the plane [D]: 

(4.1.5) Xk = akX + bkt. 

A direct calculation shows that (4.1.1) reduces then to the following equation on the matrix 
W = (Wij) (note that its diagonal entries don't occur): 

dW dW 

(4.1.6) [a, ^] - [6, --] = [[a, W], [b, W]] + bdWa - adWb. 



THE n-COMPONENT KP HIERARCHY AND REPRESENTATION THEORY. 



37 



Hence, imposing the constraint (4.1.4), we obtain the famous 1 + 1 n-wave system (cf. [D], 
[NMPZ]): 

dW dW 

(4.1.7) [a,^]-[b,^] = [[a,W],[b,W]]. 
Let now 

(4.1.8) Xk = akX + bkt -y. 
Then equation (4.1.6) gives 

dW dW dW dW 

(4.1.9) [a, - [b, - a^b + b^a = [[a, W], [b, W]]. 

If we let 

Qij = -{ai- aj)Wij. 

equation (4.1.9) turns into the following system, which is called in [AC, (5.4.30a,c)] the 
2 + 1 n-wave interaction equations {i ^ j): 

(4.1.10) = o-ij^^^ + + X^Ka; - akj)QikQkj, 
where 

(4.1.11) aij = {bi - bj)/{ai - aj), bij = bi - aiaij. 
On the other hand, letting (we assume that ai > . . . > an)' 

(4.1.12) Wij = Wij/{ai - a,■)l/^ 
the equation (4.1.6) gives for i ^ j: 

(4.1.13) - aij - bij = 2^ EijkWikWkj, 



where 



(4.1.14) Sijk = 



aibk + dkbj + ajbi - akh - ajbk - aibj 
{{ai - ak){ak - aj){a'i - aj))V2 
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Imposing the constraint Wij = —Wji, we obtain from (4.1.13) the foUowing Hamiltonian 
system (considered in [NMPZ, pp 175, 242] for n = 3 and caUed there the 2+1 3-wave 
system) {i < j): 

dwij _ dwij _ dwij _ dH 



dt dx dy dw 



where 

(4.1.16) X] £ijk{wikWkjWij +WikWkjWij). 

i,k,j 
i<k<j 

Finally, let n = 3 and let ui = iwis, U2 = iwis, = iwi2, ai = —023, fei = —6235 
a2 = — ai3, 62 = —^13, tt3 = — ^12, ^3 = —^13- Then, after imposing the constraint £132 = 1, 
equations (4.1.15) turn into the well-known 2 + 1 3-wave interaction equations (see [AC, 
(5.4.27)]): 

(4.1.17) + + 

where (j, k,£) is an arbitrary cyclic permutation of 1, 2, 3. 

4.2. Let n > 2. Then the n-component KP in the form of Sato equations contains 
the following subsystem of the system of equations (3.7.1) for arbitrary a e M on the 
functions Wij {a) in the indeterminates Xi (all other indeterminates being parameters): 

(4.2.1) ^^^M = W,,{a)Wji{a) ifi^j. 

The T-function is given by (3.3.7) (a e M): 



.JL 

dx 



^logTa ifi=j. 



(4.2.2) Wij{a) = 

Substituting this in (4.2.1) gives the Hirota bilinear equations (2.4.4): 



(4.2.3) DiDjTfx • T(x — 2tq;-|-q.j^. Tq—qj^. . 

In order to rewrite (4.2.1) in a more familiar form, let for i ^ j: 



(4.2.4) 



Uij{a) = logejiWij{a) = log{Ta+aij/ra)- 



THE n-COMPONENT KP HIERARCHY AND REPRESENTATION THEORY. 



39 



Note that log(ra+«,^./Ta) = - log(T(a+«.^.)_«.^./ra+«i, • Hence from (4.2.2) we obtain 

(4.2.5) Uij (a) = -Uji {a + aij ) if i ^ j. 

Furthermore, we have: 

dxidxj^^^^^^ dxidxj^^^^'^'^°'''^ dxidxj^^^^°' 

dWiiia) dWii{a + aij) 
" dxj d^j " Wij{a)Wji{a) - Wij{a + aij)Wji{a + aij) 



'a 'a 



Thus the functions Uij (a) {i ^ j) satisfy the following generalized Toda chain (with con- 
straint (4.2.5)): 



(4.2.6) ^ Ujji'^) ^ ^Uij(a+aij)-Uij{a) _ ^Uij{a)-Uij{a-aij) _ 

dxidxj 



Note also that (4.1.1) for distinct i,j and k becomes: 

(4.2.7) dUijia) ^ ^^^^^ u,j(a)+uM+u,,ia)^ 

dxk 

One should be careful about the boundary conditions. Let 5' = supp r; recall that by 
Proposition 2.4, 5 is a convex polyhedron with vertices in M and edges parallel to roots. 
It follows that (4.2.6) should be understood as follows: 

(i) if a ^ S', then Uij (a) = and (4.2.6) is trivial, 

(ii) if a G 5", but a + aij ^ 5", then (4.2.6) is trivial, 

(iii) if a e S, but a — a^j ^ S, then the second term on the right-hand side of (4.2.6) is 

removed, 

(iv) if a E S, a + aij e S, but a + 2aij ^ S, then the first term on the right-hand side 
of (4.2.6) is removed. 

Let now n = 2, and let Un = Ui2{nai2)- Then we get the usual Toda chain: 

(4.2.8) T^-w- = e^^+i-'^" - e^^-'^^-S n e Z. 

It is a part of the Toda lattice hierarchy discussed in [UT] . 

4.3. Let n >2. Then the n-component KP in the form of Sato equations contains the 
system of equations (3.7.4), (3.7.5), (3.7.3) and (3.7.1) for j ^ k on functions Wij in 
the indeterminates Xk and tk {k = 1, . . . , n) (all other indeterminates being parameters): 
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dWi, d'^W^ ^dW, 
7f 



I 



(4.3.3) = Wik^-^ - Wkj ifi^ka.ndjy^k, 

Otk OXk OXk 



(4.3.4) — ^ = WikWkj ifi^k and j ^ k. 

OXk 

This is a system of n"^ — n evolution equations (4.3.1-3) and n(n — 1)^ constraints (4.3.4) 
which we call the generalized Davey-Stewartson system. 

Note that the r-functions of this system are given by (3.3.7), where we may take a = 0. 
The corresponding to (4.3.1)-(4.3.4) Hirota bilinear equations are (2.4.6); (2.4.5); (2.4.7) 
if * = j and (2.4.9) if i ^ j; (2.4.4) if i = j and (2.4.8) if i 7^ j, respectively. 

Now, note that letting 

1 fdWu dWj^ dWu. dW^\ . 

~ 2\dXi ^ dXi ^ dXj ^ dXi ) ^~ ^''>' 
and subtracting (4.3.2) from (4.3.1) we obtain using (4.3.4): 



BW- ■ 8W- ■ 8"^ (f^ 

Also, from (4.3.4) we obtain 

Let now n = 2; to simplify notation, let 

q = r = W21, <fi = (fii2^ (fi2i- 

Then, making the change of indeterminates 



(4.3.7) s = -2i(ti + ^2), t — -2i(ti - ^2), x ^ xi+ X2, y ^ xi - X2, 
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equations (4.3.5 and 6) turn into the decoupled Davey-Stewartson system: 

(4-3.8) <; zf = 1(0 + 0) -r(^-gr) 

Due to (3.3.7), the corresponding r-functions are given by the following formulas, where 

we let Tn = Tnai2 ' 

(4.3.9) q = -Ti/ro, r = T-i/tq, cp = logro, 

the Hirota bilinear equations being (cf . [HH] ) : 

m + \dI + \dI)t^ . to = 

{Dl - DI)to ■ TO = 2nT-i. 
Finally, imposing the constraint 

(4.3.11) r = Kq, where k = ±1, 

we obtain the classical Davey-Stewartson system 



(4.3.12) 



^lf + i(& + &) = (v'-%P)^ 



REMARK 4.3. It is interesting to compare the above results with that obtained via the 
Lax equations. To simplify notation, let JJi = uj;P . Substituting (3.8.15) (resp. (3.8.14)) 
in (3.8.18) (resp. (3.8.19)), we obtain for i ^ j: 

dA d^A- sr^ 

(4.3.13) '~dt~ ~ dx^ ~ ^ / ^ ^ij^jkAkj 

OA d^A- 

(4.3.14) = + 2AijUi + 2 J2 AijAikAki 
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These equation together with (3.8.9, 17 and 20) give a shghtly different version of the 
generalized DS system (recall that Aij = Wij if i ^ j and Ui — —dWu). For n = 2 
we get again the classical DS system after the change of indeterminates (4.3.7) if we let 

^ = -i(f/l + f/2). 

4.4. Finally, we explain what happens in the well-known case n = 1. In this case 
C*^^^ = 1 and auxiliary conditions (3.8.2) are trivial. Lax equation (3.8.3b) is trivial as 
well, and Lax equation (3.8.3a) becomes 

dL 

(4.4.1) _ = [S,,L], i = l,2,..., 

where L = d + Xljli %(^)^~'^' ^ = af^ = (-^*) + - Thus, the KP hierarchy 

is a system of partial differential equations (4.4.1) on unknown functions ui,U2,--- in 
indeterminates xi,X2, ■ ■ ■ ■ By Lemma 3.6, (4.4.1) is equivalent to the following system of 
Zakharov-Shabat equations: 

(4-4.2)m It-It = 

By (3.8.4) we have: 

(4.4.3) Bi = a, S2 = d'^ + 2ui. 

Furthermore, we have: 

3 , o_ a , o_ , ndui 



(4.4.4) S3 = + 3uid + 3^2 + 3 



dxi 



Thus we see that equations (4.4.2)/.^ are all trivial, the first non-trivial equation of (4.4.2) 
being 

as2 _as3 ^ 

dxs dx2 ' 

Substituting in it (4.4.3 and 4), the coefficients of and give respectively: 

(4 4 5) 2^ - 2-^^^ -6u ^ = 3^ - 3^^ 

8x3 dxidx2 dxi dx2 dx\ 



Differentiating (4.4.5) by xi and substituting |^ from (4.4.6) gives a PDE on tt = 2tti, 
where we let xi — x, X2 — y, x^ — t: 
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, Sd'^u d f du 3 du Id^u 



4 dy'^ dx \dt 2 dx 4 dx^ J 

This is the classical KP equation. Due to (3.9.5), the connection between u and the 
T-function is given by the famous formula 



(4.4.8) u = 2^\ogT. 

Substituting u in (4.4.7) gives the Hirota bilinear equation (2.4.3). 

§5. Soliton and dromion solutions. 

5.1. We turn now to the construction of solutions of the n-component KP hierarchy. 
As in [DJKM3] we make use of the vertex operators (2.1.14). When transported via the 
n-componcnt boson-fermion correspondence a from F to B = C[x] (8) C[L], they take the 
following form: 



(5.1.1) {z) = Qfz^'^'o' (exp ± J2 z'xf){e^v T E V 

k=\ k=l ^^k 

Note that for z,w e such that \w\ < \z\ we have {X, fi = + or — ): 



iP^^'\z)^^'^'\w) = {z - wY'i^^Q^^Qf z'^^'^^'^o^ 

(5.1.2) ~ ^-fc Q yj-k Q 

X exp Y^iXz^x^^ + iiw^x^^^) exp - + -^). 

fc=i k=i " dxl' 1^ dxX' 

We let for < |w| < \z\: 
(5.1.3) 

oc 

Ti^{z,w) = il}^^^{z)'4}-^^\w) = {z- w)-^'^QiQ-^z''o^w-'^°^ exp^(z'=4*^ - w''x\^^) 

k=l 

xe ^ ■ ^ ) 

Using (5.1.2), we obtain for \zi\ > \z2\ > . . . > |-22iv-i| > \z2n\ > 0: 
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l<k<£<2N 
27V - (• ) 2N oo 

(5.1.4) X QnQ7,' ■ --Qr^.-^Qi^l n '^'""""'"^ exp(- Y.^-irz^^x'^^^) 

m=l m=l fc=l 

z'" d 



2N oo _^ 



^^^^^ ' k ^T-^"^) 

m=lfc=l '^•^fe 



We may analytically extend the right-hand side of (5.1.4) to the domain {zi 7^ 0, Zi ^ 
Zj if i ^ j, i, j = 1, . . . , 2N}. Then we deduce from (5.1.4) for = 2 that in this domain 
we have: 

(5.1.5) ^i,i2{zi, Z2)Ti^^i^{z3, Z4) = Tigi^{z3, Z4)Ti^i2{zi, Z2), 

(5.1.6) Tij{zi,Z2f= lim Tij{zi,Z2)Tij{z3,Z4) = 0. 

Z3 — >zi 

Z4 

REMARK 5.1. Let A — (a^) be a n x n matrix over C and let Zi,Wi {i — 1, . . . ,n) he 
non-zero complex numbers such that Zi ^ wj. Due to (1.2.3) the sum 



(5.1.7) Ta{z,w)= Y aijTij{zi,Wj) 

lies in a completion of r{g£oo). 
By (5.1.5-6) we obtain: 



(5.1.8) expr^(2;,«;)= J] (1 

Lemma 5.1. (a) If t is a solution of the n-component KP hierarchy (2.3.7) of Hirota 
bilinear equations, then {expTAiz,w))T is a solution as well for any complex nxn matrix 
A and any z = {zi, . . . z^), w = {wi, . . . ,Wn) € C^"' such that Zi 7^ Wj. 

(h) For any collection of complex nxn-matrices Ai, . . . , A^ and any collection z^^\ . . . , 
z^^\ w^^\ . . . , w^-^) e C^"" with all coordinates distinct, the function 



(5.1.9) 



exp r^, (^(1) ,«;(!))... exp Fa^ (^^^^ , ) • 1 
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is a solution of the n-component KP hierarchy (2.3.7). 

Proof, (a) follows from Proposition 1.3 and Remark 5.1. (b) follows from (a) since the 
function 1 = cr|0) satisfies (1.3.1). □ 

We call (5.1.9) the N-solitary r-function (of the n-component KP hierarchy). Note that 
the support of (5.1.9) can be any polyhedron permitted by Proposition 2.4, which is in 
agreement with the general belief that multisolitary solutions are dense in the totality of 
all solutions. 

In order to write down (5.1.9) in a more explicit form, introduce the lexicographic 
ordering on the set S of all triples s = (p, i, j), where p E {1, . . . , A^}, z, j G {1, . . . , n} 
(i.e. si < S2 if pi < P2, or pi — p2 and ii < 12 or pi — p2^ ii — 12 and ji < ^2). Given 
N n X n complex matrices Ap = (a^J''), we let = a\j^ for s = {p,i,j) G S; given in 

addition two sets of non-zero complex numbers Zg and Wg, all distinct, parametrized by 
s & S, introduce the following constants 



c(si, . . . , Sr) — JJ^ Ogj. ^ikil^ikh^jkil^jkJl 

(5.1.10) 



l<k<e<r 

Then the A'"-solitary solution (5.1.9) can be written as follows 



(5.1.11) 



^ c(si,...,s^) 

r=l (l,l,l)<si<...<s^<(Ar,n,n) 

r 00 

X (exp J2 E (C^m ^ - <^^'=^))e^^=^ "^^^-^ ■ 

k=l m—1 



5.2. Let n = 1. Then the index set S is naturally identified with the set {1, . . . , A^}, 
the two sets of complex numbers we denote by Z2j-i and Z2j, j = 1,... ,iV, and we 
let Ap — {z2p-i — Z2p)~^ap , where ap are some constants. Then (5.1.11) becomes the 
well-known formula (see [DJKM3]) for the r-function of the A'"-soliton solution: 

N r 

r""=i+j: E n 

(^21) r=l l<ji<...<j^<N k=l l<k<e<2r 

r 00 

k—l m=l 

Letting xi = x, X2 = y, xs = t and all other indeterminates constants X4 = C4, . . . , we 
obtain, due to (4.4.8), the soliton solution of the classical KP equation (4.4.7): 
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(5.2.2) u{t,x,y) = 2-^logT^^\x,y,t,C4,C5,.. .). 
In particular, the r-function of the 1-sohton solution is 

(5.2.3) T^^\x,y,t) = l + — - — exp{{zi - Z2)x + {z"^ - zl)y + {zf - zl)t + const.) 

Zl — Z2 

and we get the corresponding 1-soliton solution of the classical KP equation (4.4.7): 

(5.2.4) u{x,y,t) = ^ cosh-^{-{{zi-Z2)x+{z'^-zl)y+{zf-zi)t)+ const.). 

5.3. Let n = 2. Then any r G C[x] C[M] can be written in the form 

T = ^T^e^"i% where T£ = r^aia- 



For a AT-solitary solution t^^'' given by (5.1.11) we then have 

AN r oo 

(5.3.1) rf^=5,,o + E E c(.i,...,.,)expj] J](^-x(^'=)-<x(;^'=)), 

r=l {si,... ,Sr) k—lm=l 

where (si, ... ,Sr) run over the subset (5.3.2)2 of S''", where 
(5 3 2) I (I'l'l) ^ ^1 < ^2... < Sr < (iV,n,n) 

Letting (of. (4.3.9)): 

n (a;, y, t, c, ) r_i (x, y, t, c, . . . ) 

9 — 5 T — ^ J 

(5.3.3) ro{x,y,t,c,c^^\...)' To{x,y,t,c,c^^\ . . .) ' 



d 



2 



^ = -^(log'^o(a:;,2/,t,c,4^\...)), 

where x = x^i"^ + x^\ y = x^^'^ — x^\ t = —2i{x'^^ — x^^), c = —2i(x'^^ + x^^) and all 

other indeterminates x^j^^ are arbitrary constants c^j^\ we obtain a A^-solitary solution of 
the decoupled Davey-Stewartson system (4.3.8). 

We turn now to the classical Davey-Stewartson system (4.3.12) for n = —1. The con- 
straint (4.3.11) gives 
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ti/to = T-i/tq. 
One way of satisfying this constraint is to let 

C2 = 0, e i'^+^M. 

We shall concentrate now on the case N = 1. It will be convenient to use the following 
notation: 

(1) (2) 

Zij = Z(i^ij), ai = a(i,j,j) e R+ (1 < z, j < 2), 03 = 0(1,1,2) e C, 
C{z,w) = —, D[z,w) — 



z + w {z + z){w + w) 



A,{z) ^ {z + z){x, {~iyit'—^) + Y.^z^ - (-^)')4'^ = 1,2), 



fe=3 



2 2 ^ 

A3(^,«;) = ZX^ +WZ2+it{^ + ^ - (-^)^cf ). 



Then = — ti/tq and = — |(gf^ + af;")^logro is a solution of (4.3.12), where 
(5.3.5a) n = a3e^3(^i^'^^i)(l + aiC(zi2,^ii)e^^(""))(l + a2C(^2i,^22)e^^("^^)), 



ro = (1 + aie^i(^"))(l + ase^^^^^^^) 
(5.3.5b) +L)(zi2,Z2i)e^^("^^'"^^)+^^^(^^^(l + 011(7(^12,^21)1 Vi(^")) 

x(l + a2|C(^2i,^22)|V^(--)). 

Consider now two special cases of (5.3.5a,b): 
{D) zi = zii = zi2 and 2:2 = 2:22 = 2:21, 
(S) a, = {i = l,2), 

and let T = D or 5. Then (5.3.5a and b) reduce to 
(5.3.6a) Ti = 036"^^*'^^'^^-' in both cases. 
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(5.3.6b) rf ^ = {l + STDaie^'^''^){l + STDa2e'^'^''^) + D{zuZ2)e^'^''^+'''^''\ 

so that q(^) = -Ti/4^\ = -i(a|7 + log4^^ is a solution of (4.3.12). 
In order to rewrite q^"^^ in a more familiar form, let (j = 1, 2 and aj{zj > 0): 

pf^ = {aj{zj + Zj))-^!'^ if T = i:» and = 1 if T = 5, 



1 |to 
= 2a;j + 1[ijit, ij = log 



(T)| 



(T) (T) (T) 



Then we obtain the following expression for q^'^'i : 

4p^^^(MiflM2fl)^^^ exp{-(^ifl(gi-|i)+/x2_R(g2-|2))+^(-(Miigi+At2/g2) + (|A^iP + |M2|^)t+org mim2)} 
((5TO+exp(-2piR(a-5i))(5TC+exp(-2/x2Rfe-e2)) + |p('r)|2) 

The function q^^^ is precisely the (1, l)-dromion solution of the Davey-Stewartson equa- 
tions (4.3.12) with K = —1 found in [FS] (provided that fija e 1R+). On the other hand, 
if we let jiii = ^21 = 0, then q^'^^ reduces to the 2-dimensional breather solution found in 
[BLMP]. Finally, q'^^'> is a 1-soliton solution. 

Recall that the dromion solutions of the DS equation were originally discovered in 
[BLMP] and [FS] (see also [HH]). The dromion solutions of the DS equation were first 
studied from the point of view of the spinor formalism by [HMM] . 

5.4. Similarly, we obtain the following solutions of the 2-dimensional Toda chain (4.2.8): 

(5.4.1) = I '08(0-^) 

otherwise 

where the r-functions rf^'^ are obtained from (5.3.1) by letting all indeterminates with 
m > 1 to be arbitrary constants: 

AN r 

(5.4.2) T^^^ =Si^o + Yl C{si,... ,Sr)Cs^...Cs^exp^{Xi^Zs^-Xj^WsJ, 

r=l (si,...,Sr-) 

where (si, . . . , Sr) runs over (5.3.2)2 and Cg {s e S) are arbitrary constants. 
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5.5. Let now n > 3. Then we obtain solutions of the 2 + 1 n-wave system (4.1.9) as 
follows. For 1 < i, j < n let 

= ^ij + Y1 Yl . . . 

(5.5.1) r=lis,,...,sr) 

r 

X exp + Kt - y)zsk - iv + - y)'^sk, 

k=l 

where (si, . . . , s^) runs over (5.3.2)„ and (s e S) are arbitrary constants. Then Wij = 
SjiTij/ro {i 7^ j) is a solution of (4.1.9), and Qij = Sij{ai — cij)Tij/To (i ^ j) is a solution 
of (4.1.10). 

§6. ?7i-reductions of the n-component KP hierarchy. 

6.1. Fix a positive integer m and let uj = exp — . Introduce the following mn^ fields 

(1 < i, j < n, 1 < /c < m) [TV]: 

(6.1.1) a^'^'^^z) = ^a^;^''h-P-^ =: iP+^'\z)ip-^'\u;'' z) :, 

where the normal ordering is defined by (2.1.6). Note that 

(6.1.2) a^'^'^^z) = a^'^\z), 

where a^'^^\z) are the bosonic fields, defined by (2.1.5), which generate the affine algebra 
g£n{^)^ with central charge 1 (sec (2.1.7)). It is easy to check that for arbitrary m, the 
fields a^'^^^^z) generate the affine algebra gimn{^)^ with central charge 1. More precisely, 

all the operators ap''''^ ^ i, j ^ 1 < k < m, p G Z) together with 1 form a basis of 
gimniC)^ in its representation in F with central charge 1, the charge decomposition being 
the decomposition into irreducibles. Hence, using (2.1.14), (2.2.5 and 8), we obtain the 
vertex operator realization of this representation of gimn{^)^ in the vector space B (see 
[TV] for details). 

Now, restricted to the subalgebra s£^^(C)^, the representation in F^^^ is not irreducible 
any more, since ^^^^(C)^ commutes with all the operators 



1 

(6.1.3) p^^^ ^£ kemZ. 

i=i 

In order to describe the irreducible part of the representation of s£mn{^)^ in B^^^ con- 
taining the vacuum 1, we choose the complementary generators of the oscillator algebra a 
contained in ^^^^(C)^ (A; e Z): 
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(6.1.4) 

' \ iUTT) ("i""^ + • • • + - jo^f^'"^^) ifkemZ and 1 < j < n, 



so that the operators (6.1.3 and 4) also satisfy relations (2.1.9). Then the operators 1, Op^ 
for i ^ j, together with operators (6.1.4) form a basis of s£rnn(C)^. Hence, introducing 
the new indeterminates 

a;^-^-* if /c ^ mN, 

(6.1.5) y^^'^ = I ^(4'^ + . . . + x^^ - jxi'+'^) ifkemN and j < n, 



i(4^^ + ... + 4''^) if /cemiV and j 



n, 



we have: C[x] = C[y] and 

(6.1.6) aiPi''^) = -4-y and a(/3i^]) = kyi''^ if /c> 0. 

dyV" 



Now it is clear that the irreducible with respect to simni'^)^ subspace of B^^^ containing 
the vacuum 1 is the vector space 

(6.1.7) = C[|/^^'^|l <j<n, keN, or j = n, fee N\mZ\ ® C[M]. 

The vertex operator realization of s£^„(C)^ in the vector space B^^-^ is then obtained by- 
expressing the fields a^'^^'^\z) for i ^ j in terms of vertex operators (2.1.14), which are 
expressed via the operators (6.1.4), the operators QiQj^ and ckq*^ — < i < j < n) 

(see [TV] for details). 

The n-component KP hierarchy of Hirota bilinear equations on r G B^^^ = C[y] ®C[M] 

when restricted to r e ^[m] called the m-th reduced KP hierarchy. It is obtained from 

the n-component KP hierarchy by making the change of variables (6.1.5) and putting zero 

all terms containing partial derivates by ym^ , y^ , y^^ , . . . . 

It is clear from the definitions and results of §3 that the condition on the n-component 
KP hierarchy to be m-th reduced is equivalent to one of the following equivalent conditions 
(cf. [DJKM3]): 

(6.1.8) L{<^)^ is a diff'erential operator. 



(6.1.9) 
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" ft 

(6.1.10) I^rT5)=°- 



It follows from (6.1.8) that these conditions automatically imply that all of them hold if 
m is replaced by any multiple of m. 

The totality of solutions of the m-th reduced KP hierarchy is given by the following 

Proposition 6.1. Let 0[rn] be the orbit of 1 under the (projective) representation of the 
loop group S'L^„(C[t, t~^]) corresponding to the representation of simni'C')^ in Br^-,. Then 



ml 

(0) 



In other words, the r-functions of the m-th reduced KP hierarchy are precisely the r- 

(i) 

functions of the KP hierarchy in the variables yf: , which are independent of the variables 
Proof, is the same as of a similar statement in [KP2]. □ 

REMARK 6.1. The above representation of ^^^^(C)^ in is a vertex operator con- 
struction of the basic representation corresponding to the element of the Weyl group Sran 
of s£rran(C) consisting of n cycles of length m (see [KPl] and [TV]). In particular, forn = 1 
this is the principal realization [KKLW] , and for m = 1 this is the homogeneous realization 
[FK]. The m-th reduced 1-component KP was studied in a great detail in [DJKM2] (see 
also [KP2]). 

6.2. Let n — \. Then the 2-reduccd KP hierarchy becomes the celebrated KdV hierar- 
chy on the differential operator S = {L'^)+ — d"^ + u, where u = 2ui: 

(6.2.1) -^-^S'^ = [(^"+^)+, -S^], n = 1, 2, . . . , 

OX2n+l 

the first equation of the hierarchy being the classical Korteweg-deVries equation 

, du d^u „ du 

Of course, the 3-reduced KP is the Boussinesq hierarchy, and the general m-reduced 
KP are the Gelfand-Dickey hierarchies. 

6.3. Let n = 2. The equations of the 1-reduced 2-component KP are independent of 
X, hence equation (4.3.8) becomes independent of x and (p becomes (see (4.3.9)). Thus, 
equation (4.3.8) turns into the decoupled non-linear Schrodinger system (called also the 
AKNS system): 
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dq 1 d q 3 

(6.3.1) 'al = -5p-"- 

^ ' Or Id^r o 

Thus (6.3.1) is a part of the 1-reduced 2-component KP. For that reason the 1-reduced 2- 
component KP is sometimes called the non-linear Schrodinger hierarchy. Of course, under 
the constraint (4.3.11), we get the non-linear Schrodinger equation 

(6.3.2) 

Similarly, under the same reduction the 2-dimensional Toda chain (4.2.8) turns into the 
1 -dimensional Toda chain 



(6.3.3) — ^ = e'^"-'^"-! - e""+i-"" (here x = 2y[^h. 

Thus, the 1-dimensional Toda chain is a part of the non-linear Schrodinger hierarchy. It 
was studied from the representation theoretical point of view in [TB] . 

6.4. Let n > 3. Since the constraint (4.1.4) is contained among the constraints of the 
1-reduced n-component KP hierarchy, we see that the 1-1-1 n-wave system (4.1.7) is a 
part of the 1-reduced n-component KP hierarchy. Note also that the 1-reduction of the 
n-component KP reduces the 2-|-l n-wave interaction system (4.1.10) into the 1-|-1 system 
(4.1.7). 

6.5. Since the non-linear Schrodinger system (6.3.1) is a part of the 1-reduccd 2- 
component KP hierarchy, the 1-reduced n-component KP hierarchy will be called the 
n-component NLS. Let us give here its formulation since it is especially simple. 

Given a n X n matrix C{z) = CjZ^ , we let 

C(^)_ = C{z)^ = Y,CjZ^. 

Also, given a diagonal complex matrix a = diag (ai, . . . , a^) we let 



"' ■ 3 ^ 3 



Let \) denote the set of all traceless diagonal matrices over C. 

The n-component NLS hierarchy is the following system on matrix valued functions 

P{a) = P{a,x,z) = l + ^W^^\a,x)z-^, a E M, 

j>0 
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where x = {x^ |a G f), /c = 1, 2, . . . } : 

(6.5.1) = -{P{a)aP{a)-'z'^).P{a) 



with additional matching conditions 

(6.5.2) {P{a)R{a - (3, z)P{(3)-^)- = 0, a,PeM, 

where R{'y,z) = R'^{'y,z) is defined by (3.3.10). 

This formulation implies the Lax form formulation if we consider C*^"-* {x, z) = P(a)aP{a)~^ 
for each a e f) and fixed a. Consider a family of commuting matrix valued functions of 
the form 

^{a) ^c^<^)(^x,z) = a + J2Cj''\x)z-^, 

j>0 

depending linearly on a G I), and let = (C(")^^) + . Then the Lax form of the 

component NLS is 

(6.5.3) —jj;^ - [B^^\ C(% a, 6 G [), = 1, 2, . . . . 



n- 



The equivalent zero curvature form of the n-component NLS is 

(6.5.4) ^-^ = [^i'^<]' a,6G[), /c,£=l,2,.... 

dxl ' dx\ ' 

Since for the 1-reduced n-component KP one has: L = a, i.e. aU = 0, we see from 
Remark 4.3 that the n-component NLS in the form (6.5.3) contains the following system 



of equations on functions A^j = (C^ " )ij {i ^ j) 



dAij _ d^A 



"-"J- k^j 

dAij d'^ A^j X ^ AAA 



(6.5.5) ^-A;^-A,-^ ifi^k i^k 



dA,j 
dxk 



AikAkj if i^k, j ^ k, 



dAjj _ sr^ dAjj _ ^ 

^ dtk 
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This reduces to (6.3.1) if n = 2. 

REMARK 6.5. Equations (6.5.1), (6.5.3) and (6.5.4) still make sense if we consider an 
arbitrary algebraic group G and a reductive commutative subalgebra [) of its Lie algebra 
Q. The functions P{a) take values in G{A{{z)) and the functions C^°'^ take values in 
q{A{{z))). If G is a simply laced simple Lie group, the element R{'y,z) G G{C[z, z~^]) in 
matching conditions (6.5.2) can be generalized as follows. Let f) be a Cartan subalgebra 
of Q, normalize the Killing form on g by the condition that {a\a) — 2 for any root a, 
and identify f) with f)* using this form. Let M (resp. L) C t)* = I) he the root (resp. 
weight) lattice and let e{a,f3) : M x M — > {±1} be a bimultiplicative function such that 

e{a, a) = (-1)K«I«), aeM. Define R{a, z) e H{C[z, z'^]) for each a as follows: 
(6.5.6) R{a,z) = Caz", 

where in any finite- dimensional representation V of G, & H and z"^ & H for ^ e are 
defined by 



(6.5.7) Caiv) = e{l3, a)v, z'^iv) = ^("l^^v if v e Vfj. 

Note that this GNLS hierarchy is closely related to the Bruhat decomposition in the loop 
group G{C{{z))). 

6.6. It is clear that we get the r-function of the m-th reduced n-component KP hierarchy 
if we let in (5.1.9) 



(6.6.1) Ws = oJsZs, s & S, 

where ujs are arbitrary m-th roots of 1. The totality of r-functions is (a completion of) 
the orbit of 1 e 5^°) under the group SLmn{C[t,t-^]). 
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